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Abstract:

The theory of interest developed by Irving Fisher was designed to explain positive, zero, and
negative interest rates. One of the intertemporal equilibria with a zero interest rate is an economy
with a given supply of hardtacks for shipwrecked sailors. Hardtacks can be fully saved for the
future, but their stock cannot be increased through production. Fisher presented several
consumption paths of hardtacks over time. This paper shows that the Fisherian paths are not
consistent with a dynamic optimization model. Different trajectories of optimal consumption are
calculated and illustrated. Their shape depends on the value of the subjective discount rate, the
intertemporal elasticity of substitution in consumption, and the lifetime horizon of the
shipwrecked sailors. None of them resemble the original Fisher examples.
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[. Introduction

Fisher (1930) presented a general theory of interest that was shaped to explain
positive, zero, as well as negative interest rate. The zero interest rate is the
intertemporal equilibrium in the economy with fixed endowment of goods that do not
depreciate over time and that exhibit zero productivity. Fisher proposed the example
of shipwrecked sailors with a given supply of hardtacks.

Mises (1949), Rothbard (1962) and other proponents of the pure time preference
theory argued that the interest rate must be always positive because of the existence
of the a-priori positive time preference.! Potuzak (2016a, 2016b) argued that the pure
time preference theory is a specific case of a more general neoclassical approach,
represented also by the Fisherian theory.?

Fisher presented possible flows of consumption of hardtacks over time. This paper
shows that the paths discussed by Fisher are not accurate. The article depicts
trajectories that are consistent with the intertemporal optimization of a representative
rational consumer. It is demonstrated that the approach of the pure time preference
theory might be incorrect, because the optimum with zero interest and positive time
preference does not lead to consumption of all hardtacks in the present period.

Il. Optimum of Shipwrecked Sailors

In this section, we solve the problem of a Fisherian infinitely and finitely lived
shipwrecked sailor who is endowed with a fixed stock of hardtacks K. The objective of
the sailor is to maximize her lifetime utility function expressed in continuous time as:3

U= Te‘p‘u(C(t))dt (1)

subject to her resource constraint:*
J,cdt <K )

This condition states that lifetime consumption cannot exceed the initial endowment of
hardtacks. Hardtacks have zero productivity, thus the marginal product of capital and
the interest rate in this economy is zero. Assuming no satiation point, (2) should be
satisfied with equality.

1 See also Mises (1940), Block (1978), Garrison (1979), Kirzner (1993), and Herbener (2011).

2 Discussion of the pure time preference theory can be also found in Hayek (1936, 1941, 1945).

3 This form was first presented in Samuelson (1937). It satisfies all usual neoclassical (and Austrian) assumptions.
People prefer present satisfaction to future satisfaction, hence p > 0, which may reflect the second B6hm-Bawerkian
(1888) ground for interest. Marginal utility is positive and declines with higher consumption: u’(C) > 0 and u”’(C) <
0 for all C. Positive first derivative for all levels of consumption guarantees that more is always preferred to less.

4 See, for example, Strotz (1955:169).
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This dynamic problem will be solved with the calculus of variation.® Set up a Lagrangian
function:

Te"’tu(C(t))dt +/1[K —TC(t)dt} 3)

The solution of this dynamic problem should obey the Euler equation:

O
F() ) @
oCc(t)  dt
where F()) =e”'u(C(t)) - AC(t); and C(t) = %
Using (4) in solving (3), we get:
e’ u'(CM)-4=0 ©)

(5) states that in optimum, the discounted marginal utility of consumption in every
period must be identical. To find the optimum growth rate in consumption, we take
logarithm of both sides of equation (5):

—pt +Inu/(C(t)) = In2 (6)

and differentiate (6) with respect to time:
du’(C(t))

. a_ _
Pr e D ")

Equation (7) reflects the requirement that in the optimum, the growth rate of the
marginal utility of consumption must be equal to the subjective discount rate. To
achieve this, consumption of hardtacks must be falling over time.

Solving (7), we get:

u"(CL)CE) _

8
u'(C®) ©

(8) might be written as:

5 The presented dynamic optimization methods can be found in Kamien and Schwarz (1991).
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_ S u"COICH

9
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c@) _ -p
co - UCmICH (10)
)

Equation (10) describes the optimum growth rate of consumption as a function of the
subjective discount rate p and the Arrow-Pratt measure of the relative risk aversion
v(C), which is represented by the denominator of (10). For the constant relative risk
aversion (CRRA) utility function u(C) = C('-8)/(1-8), v(C) is simply 6.

The optimum growth rate of consumption in (10) is (—p/0) for the CRRA utility function.
The optimum consumption path must be decreasing because the interest rate is lower
than the subjective discount rate (0 < p). The shape of this path depends on the size
of the relative risk aversion 6.

(7) is a simple differential equation that can be expressed as:

dIn[u'(C(t)] _
it =p (11)
Its solution is:
u'(C(t)) = Ae” (12)

A is an arbitrary constant that must be determined. For the CRRA utility function, (12)
can be written as:

C(t) = Ae”" (13)

C(t) = Ae P (14)

At time 0, the optimum consumption is:

C(0)=A (15)

which must be determined. To do that, insert (14) and (15) into the resource constraint

(2):
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TC(O)e’”’gdt =K (16)
The solution of (16) is:
{—C(O)%Q} - K (7)
e’ p,
_KP
C0)=K : (18)

Because present consumption cannot exceed the initial endowment, 6 must be greater
than p. Substituting (18) into (14) we obtain the optimal consumption path in the infinite
horizon:

Ct)=K gepw (19)

To obtain the optimum in the finite horizon, (17) might be written as:

.
1 6
{—C(O)epw ;L =K (20)
Optimal C(0) is then:
0 1
C(O);(l— e””‘gj: K (21)
_p et

Present consumption must not exceed the initial endowment. (22) thus implies:

a(p10)T

0
eI _q < P (23)
(00T _
Lt (24)
9 e(p/¢9)T
Yo, 1
ESl— ST (25)
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1 P

G < 1- 7 (26)
P P

~L1<Ih@-£ 27
7 ( 9) (27)

If p/6 is a small number, then:

T>1 (28)
If it is not, (27) yields:
T>-%na-2) (29)
P 0
590 (30)
p O-p

6 must be greater than p. However, there is also a weak restriction on the length of the
planning horizon T.

To obtain the optimal path of consumption in the finite horizon T, substitute (22) into
(14):

p el!oT e
pe p(T-1)/0
CO) ="y oo 1 (32)

[ll. Optimum Paths of Consumption

The simple dynamic model from the previous section can demonstrate that the Fisher
predictions about the optimal allocation of hardtacks over time were imprecise. Fisher
(1930) concluded that the interest rate in the hard-tack economy must be necessarily
zero. However, Fisher (1930, p.188) offered the following figures that display possible
optimum consumption paths (Figure 1).
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Figure 1 Optimum paths of consumption of Fisher’s shipwrecked sailors in the hard-
tack economy

A C

Source: reproduced from Fisher (1930, p. 188).

We demonstrate that none of these paths are optimal. A representative sailor lives for
T periods. Her initial endowment of hardtacks is K. It cannot be extended by labour
effort, by exogenous transfer payments, or by productive investment. The only problem
that these sailors face is the optimal allocation of the initial endowment over time. The
solution of this problem given in (32).

Figure 2 depicts two optimal paths for different T. As can be seen, a longer life requires
lower consumption in every period. Figure 3 displays that more patient sailors (lower
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p) have a flatter profile of the optimum consumption. Figure 4 shows that for the given
P, a lower intertemporal elasticity of substitution (higher 6) results in a smoother
optimum consumption path.6 None of these figures resembles the original pictures
offered by Fisher. However, he could not have used modern modelling techniques.”

Constant consumption of hardtacks over time in not optimal. The reason is the
existence of the positive subjective discount rate. Its presence requires that the un-
discounted future marginal utility must be higher than the present marginal utility. This
can be achieved only with lower consumption in the future. Thus, the preference for
present satisfaction over future satisfaction leads to a downward sloping profile of the
optimum consumption path.

Although the interest rate is zero, not all hardtacks are consumed in the present period.
The reason is the diminishing marginal utility of consumption. This law requires that
levels of consumption in two consecutive periods (whose distance is infinitely small in
the continuous model) are very close to each other. Hence, we do not observe any
dramatic jumps in consumption levels, but a smooth (though decreasing) path.

Figure 2 Optimum path of consumption in a hard-tack economy for different
time horizons. 6 =1, p = 0.05, K = 10.
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6 As can be seen, p and 6 have opposing effects on the optimum consumption path. Higher 8 leads to a smoother
profile of consumption, which, however, implies that present consumption is lower. Thus, for a fixed present
endowment, higher 6 has similar effects as lower time preference. High preference for consumption smoothing
(high 6) motivates the consumer to spread her consumption over the entire planning horizon. This leads to a lower
present consumption.

7 A similar statement can be found in Woodford (2003, p.5) about Wicksell and Hayek when considering their
contribution to (modern) monetary theory.
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Figure 3 Optimum path of consumption in a hard-tack economy for different
subjective discount rates; 6=1, T = 60.
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Figure 4 Optimum consumption profile for zero interest rate (r = 0%) and
positive subjective discount rate (p = 5%), T = 60.
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Figure 5 Optimum consumption path if the subsistence level is achieved within
the planning horizon.
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The existence of a positive time preference and a zero rate of interest do not result in
a complete exhaustion of resources in the present as the pure time preference theory
might argue. The necessary break is performed by the law of diminishing marginal
utility. This law is in turn derived from the idea that the given good satisfies wants of
lower intensity as its consumption rises in the given period. Hence, it cannot be optimal
to move all goods to one period (be it present or future) and leave the needs in the rest
of the life unsatisfied.8

A more complicated dynamics would be achieved if there was a minimum subsistence
level of hardtacks required every period till time T. Panel (a) of Figure 5 displays the
optimum path of consumption for this possibility, which is also compared with a path at
which no subsistence level is required (dashed curve), but which is constrained by the
same supply of initial hardtacks. An extreme version, and the most unfortunate, would
be if the initial stock was not big enough to preserve life till time T (panel b). However,
in this case there are not many economic decisions to analyse.

IV. Concluding Remarks

The dynamic optimization model shows that the given stock of hardtacks will be
allocated differently than the original Fisher approach predicted. The optimum path
follows a gradual fall in consumption that is steeper with higher time preference and
higher elasticity of intertemporal substitution. The pure time preference theory
approach also seems inaccurate. Zero interest rate does not imply consumption of the
entire stock in the present period. The reason lies in the effort to ensure a smooth

8 Similar objection along with the presentation of his own position can be found in Knight (1941).
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consumption over time, which is a direct consequence of the assumption of diminishing
marginal utility of consumption.

A natural extension of this paper is to introduce other forms of productivity proposed
by Fisher. Positive constant productivity may generate a positive real rate of interest.
It can be shown that zero time preference may co-exist with the positive rate of interest.
Yet, not all goods would be postponed to the future, as the pure time preference theory
might argue (Potuzak 2017; Olson and Bailey, 1981). This situation would be the
opposite case discussed in this article.
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